Limits and Continuity

IllustrativeExample I
In this example we illustrate an intuitive idea of a limit, leaving the precise definition until example 6. Consider the function:
The domain of definition excludes the point x = 1 because the expression (x -1 )/(J x -1) gives the meaningless answer 0/0 when X=l. Figure 2 .1 shows the graph of y = f(x), which appears as a continuous curve with a gap at the point x = 1, y = 2 (represented by an open plot in this figure) . As x approaches 1 from the left or right, we see that the curve approaches the value y = 2, although it never actually attains this value. We express this by saying that 2 is the limit of f(x) as x tends to 1, and we write :
Another approach may be made by studying the following table of values for f(x) near to x = 1:
Although we cannot computef(x) for x = 1, we can let x get closer and closer to 1 from the left and right, and we then see from the table that the left and right values of f(x) seem to sandwich the limit 2.
Illustrative Example 2: Evaluation of Simple Limits
Evaluate: limx .... 0 f(x), where
If we substitute x = 0 here, we again get the meaningless: 0/0. We could try calculating values as in example 1, nearer and nearer to x = 0, and hope to spot the limit, but it is more satisfactory and easier to divide out top and bottom by x. Of course we are not allowed to do this when x = 0 but since we are only concerned with values near to 0 in taking the limit, the division is justified.
After division we have:
As x becomes smaller and smaller, the x 2 term on the top and the 2x on the bottom become negligible, so that we may write:
Illustrative Example 3: rJJ Notation 2 3
By the notation limx .... 00 /(x) = L we mean that as x becomes larger and larger,f(x) approaches the limit L. · (i) Evaluate 1 . x-+oo 2-3/x As x becomes very large, 2/x 2 on the top and 3jx 2 on the bottom become negligible and we deduce that 1 .
By the notation limx .... af(x) = rJJ we mean thatf(x) may be made as large as we like by taking x close enough to a. This notation can be somewhat misleading, since in this case the limit does not exist according to the definition which we will meet in illustrative example 6.
(ii) If f(x) = 1/(x -1) 2 , as x is taken closer and closer to 1, f(x) becomes larger and larger. In fact we may make f(x) as large as we like by taking x close enough to 1.
